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A connection between the asymptotic behavior of the open quantum walk and the spectrum of
a generalized quantum coins is studied. For the case of simultaneously diagonalizable transition
operators an exact expression for probability distribution of the position of the walker for arbitrary
number of steps is found. For a large number of steps the probability distribution consist of max-
imally two “soliton”-like solution and a certain number of Gaussian distributions. The number of
different contributions to the final probability distribution is equal to the number of distinct abso-
lute values in the spectrum of the transition operators. The presence of the zeros in spectrum is an
indicator of the “soliton”-like solutions in the probability distribution.
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I. INTRODUCTION
It is well-known that the mathematical concept of clas-
sical random walks [1, 2] has found wide applications in
physics [2], computer science [3], economics [4] and bi-
ology [5]. Basically, the trajectory of a random walk
consists of a sequence of random steps on some under-
lying graph [2]. Recently, an extension of the concept
of random walk to the quantum domain was performed.
Quantum walks can be introduced in a discrete time [6]
and in a continuous time [7] way. For a classical ran-
dom walk the probability distribution of the position of
the walker is given by the transition rates between the
vertices of the graph. For the quantum case [8] the prob-
ability distribution of the walker is defined not only by
the transition rates between the nodes of the graph, but
also by the dynamics of the internal degrees of freedom of
the ”walker”. The resulting interference effects is what
makes these walks truly quantum.
Unitary quantum walks found wide application as a
tool for the formulation of quantum computing algo-
rithms [9]. Although, experimental implementation of
any quantum concept is usually difficult due to unavoid-
able decoherence and dissipation effects [10], realizations
of unitary quantum walks have been reported. Imple-
mentations with negligible effect of decoherence and dis-
sipation were realized in optical lattices [11], with pho-
tons in waveguide lattices [12], with trapped ions [13] and
free single photons in space [14].
During the last few years attempts were made to in-
clude the effects of decoherence and dissipation in the de-
scription of the quantum walks [15]. Typically, in these
approaches decoherence is treated as an extra modifica-
tion of the unitary quantum walk scheme, the effect of
which needs to be minimized and eliminated.
Recently, a formalism for discrete time open quan-
tum walks, which is exclusively based on the non-unitary
dynamics induced by the environment was introduced
[16]. The formalism suggested is similar to the formal-
ism of quantum Markov chains [17] and rests upon the
implementation of appropriate completely positive maps
[10, 18]. It was shown that the formalism of the open
quantum walks includes the classical random walk and
through a physical realization procedure a connection to
the unitary quantum walk was established.
Open quantum walks show rich dynamical behavior
[16]. The aim of this paper is to analyze in detail the
dynamics of the probability distribution for the position
of the open quantum walk. Open quantum walks were
shown to have a probability distribution which is repre-
sented by a sum of Gaussian distributions and singular
“soliton”-like distributions. In particular we will show
that there exists a connection between the number of the
Gaussian distributions in the probability distribution and
the dimension of the internal degree of freedom of the
walker. Furthermore, we will formulate a condition for
the appearance of the “soliton”-like solution in the dy-
namics of the walker.
The paper is structured as follows. In Section II we
briefly revise formalism of open quantum walks. In Sec-
tion III we study the connection between asymptotic
properties of the walk and the structure of the transi-
tion operators. In Section IV we conclude.
II. OPEN QUANTUM WALKS
We study a random walk on a set of vertices V with
oriented edges {(i, j) ; i, j ∈ V}. The number of nodes is
considered to be finite or countable infinite. The space of
states corresponding to the dynamics on the graph spec-
ified by the set of nodes V will be denoted by K = CV . If
V is an infinite countable set, the space of states K will
be any separable Hilbert space with an orthonormal basis
(|i〉)i∈V indexed by V . The internal degrees of freedom of
the quantum walker, e.g. the spin, angular momenta or
n-energy levels, will be described by a separable Hilbert
space H attached to each vertex of the graph. So that,
any state of the quantum walker will be described on the
direct product of the Hilbert spaces H⊗K.
2To describe the dynamics of the quantum walker for
each edge (i, j) we introduce a bounded operator Bij ∈ H.
This operator describes the change in the internal degree
of freedom of the walker due to the ”jump” from node j
to node i (see Fig.1). By imposing for each j that,
∑
i
Bij
†
Bij = I, (1)
we make sure, that for each node of the graph j ∈ V
there is a corresponding completely positive map on the
positive operators of H:
Mj(τ) =
∑
i
BijτB
i
j
†
. (2)
The operators Bij act only on H and do not perform
transitions from node j to node i, they can be extended
to operators M ij ∈ H ⊗ K acting on total Hilbert space
in the following way
M ij = B
i
j ⊗ |i〉〈j| . (3)
It is clear that, if the condition expressed in Eq. (1) is
satisfied, then
∑
i,j M
i
j
†
M ij = 1. This condition defines a
completely positive map for density matrices on H⊗K,
i.e.,
M(ρ) =
∑
i
∑
j
M ij ρM
i
j
†
. (4)
The above map defines the discrete time Open Quantum
Walk (OQW). It is easy to see that for an arbitrary ini-
tial state the density matrix
∑
i,j ρi,j ⊗ |i〉〈j| will take a
diagonal form after just one step of the open quantum
random walk Eq. (4). Hence, in the following, we will
assume that the initial state of the system has the form
ρ =
∑
i
ρi ⊗ |i〉〈i|, (5)
with ∑
i
Tr(ρi) = 1. (6)
It is straightforward to give an explicit iteration formula
for the OQW from step n to step n+ 1
ρ[n+1] =M(ρ[n]) =
∑
i
ρ
[n+1]
i ⊗ |i〉〈i|, (7)
where
ρ
[n+1]
i =
∑
j
Bijρ
[n]
j B
i
j
†
. (8)
The above iteration formula gives a clear physical mean-
ing to the mapping that we introduced: the state of the
system on site i is determined by the conditional shift
from all connected sites j, which are defined by the ex-
plicit form of the generalized quantum coin operators Bij .
Also, one can see that Tr[ρ[n+1]] =
∑
iTr[ρ
[n+1]
i ] = 1.
FIG. 1: Schematic illustration of the formalism of the Open
Quantum Random Walk: The walk is realized on a graph
with a set of vertices denoted by i, j, k,m ∈ V. The operators
Bji decribes transitions in the internal degree of freedom of
the “walker” jumping from node (i) to node (j).
III. PROPERTIES OF TRANSITION
OPERATORS
Open quantum walks, even on the line show rich dy-
namical behavior [16]. In this paper we concentrate on
the particular case of OQWs on Z with transition be-
tween neighboring nodes (see Fig. 2a). In this case,
the general expression for the open quantum walk on the
graph reads as,
ρ[n+1] =M(ρ[n]) =
∑
i
ρ
[n+1]
i ⊗ |i〉〈i|, (9)
where
ρ
[n+1]
i = B
i
i+1ρ
[n]
i+1B
i†
i+1 +B
i
i−1ρ
[n]
i−1B
i†
i−1. (10)
In this paper we will analyze a homogenous open quan-
tum walk (which implies that ∀i, Bi+1i ≡ B and Bi−1i ≡
C) with simultaneously diagonalizable generalized coin
operators, i.e. [B,C] = 0.
As the first example of the open walk on Z let us
consider an open quantum walk with a two dimensional
Hilbert space for the generalized quantum coins, i.e.,
B,C ∈ C2. Specifically, we consider the transition op-
erators B and C defined as
B =
(
1 0
0 cos θ
)
, C =
(
0 0
0 sin θ
)
. (11)
It is clear that the above B and C satisfy the normal-
ization condition, i.e., B†B + C†C = I. If initially the
waker is in the node 0,
ρ0 =
(
p z
z∗ q
)
⊗ |0〉〈0|, (12)
3then the probability distribution of the position of the
walker after n steps has the following form,
P
[n]
k = Tr[〈k|ρ[n]|k〉] = (13)
pδn,k + q
(
n
n+k
2
)
(sin2 θ)(n−k)/2(cos2 θ)(n+k)/2,
where the nonzero values of the probability distribution
corresponds to |k| ≤ n and n ± k should be even. The
last condition means that after an odd number of steps
only odd nodes can be populated and after even number
of steps only even ones.
Two distinct behaviors can be identified. First is a
trapped state which propagates in the positive direction
and second a binomially distributed part, which for a
large number of steps becomes Gaussian. One can calcu-
late the mean and the variance of the binomial distribu-
tion,
E(xn) = cos (2θ)n, Var(xn) = sin (2θ)
√
n, (14)
where xn denotes the binomial distribution part of the
position of the walker after n-steps.
We consider now the more general case of an open
quantum walk with a n-dimensional Hilbert space for the
transition operators. Again, we require the generalized
quantum coin operators to be simultaneously diagonal-
izable. This implies that the generalized coins B and C
can be written in the form,
B =
n∑
i=1
λi|bi〉〈bi|, C =
n∑
i=1
φi|bi〉〈bi|. (15)
The normalization condition, B†B + C†C = I implies
that, ∀i, |λi|2 + |φi|2 = 1. In this case the probability
distribution of the position of the walker after n steps
has the form,
P
[n]
k = Tr[〈k|ρ[n]|k〉] = (16)
n∑
i=1
pi
(
n
n+k
2
)
(|φi|2)(n−k)/2(|λi|2)(n+k)/2,
where the coefficients pi are the populations of the cor-
responding levels of the initial state in the basis |bi〉, i.e.,
pi = 〈bi, 0|ρ0|bi, 0〉. (17)
The mean and variance of each binomial distribution can
be calculated explicitly,
Ei(xn) = n
(|λi|2 − |φi|2) , (18)
Vari(xn) = 2|λi||φi|
√
n.
The explicit knowledge of the probability distribution
allows to describe the asymptotic behavior of the open
quantum walk on Z. It is clear that for generalized quan-
tum coins B and C that are simultaneously diagonaliz-
able, there are two cases. First, if all coefficients λi are
different and have value between 0 and 1, i.e.,
∀i 6= j, |λi| 6= |λj |, 0 < |λj | < 1, (19)
FIG. 2: OQRW on Z. (a) A schematic representation of
the OQRW on Z: all transitions to the right are induced
by the operator Bi+1i ≡ B, while all transitions to the left
are induced by the operator Bi−1i ≡ C; Figures (b)-(d) show
the occupation probability distribution for the “walker” after
90 steps with the initial state given by Eq.(12) with values
p = 0.2, q = 0.8, z = 0.1 and transition operators given by
Eq. (11) for parameter θ equals to pi/3, pi/4 and pi/6, respec-
tively.
then for a large number of steps the probability distribu-
tion consists of n Gaussian distributions, where n is the
dimension of the Hilbert space of the generalized quan-
tum coins. If some of the eigenvalues of the generalized
quantum coins are degenerate, then the number of Gaus-
sians in the distributions is given by the number of dis-
tinct eigenvalues of the operators B and C. Second, if
one or more of eigenvalues |λi| are equal to 0 or to 1,
then for a large number of steps the probability distri-
bution contains “soliton”-like distributions in the prob-
ability distribution. If one of the λi ≡ 0 (which means
that the corresponding |φi| ≡ 1), then the probability
distribution contain a “soliton”-like solution propagat-
ing ballistically in the negative direction; if one of the
|λi| ≡ 1 then a “soliton”-like solution propagates in the
positive direction (see Fig2(b)-(d)).
It is clear, that in the case considered here ([B,C] = 0)
the probability distribution can have m components,i.e.,
Gaussians and solitons, wherem is number of distinct ab-
solute values of eigenvalues of transition operators B and
C. This includes maximally two ”soliton”-like solutions
4propagating in opposite directions.
IV. CONCLUSIONS
In conclusion, we gave a brief revision of the open quan-
tum walk formalism and studied a connection between
the asymptotic behavior of the open quantum walk and
the spectrum of the generalized quantum coins. In par-
ticular, we consider the case of the open quantum walk
on the line with simultaneously diagonalizable transition
operators B and C. We have found exact expressions for
the probability distribution of the position of the walker
for arbitrary number of steps. We have shown that for
a large number of steps the probability distribution con-
sists of maximally two “soliton”-like solution and a cer-
tain number of Gaussian distributions. We also provide
explicit expression for the mean and the variance for each
of the Gaussians as the function of the spectrum of the
generalized quantum coin operators. We found that a
number of different contributions to the final probability
distribution is equal to the number of distinct absolute
values in the spectrum of the transition operators. We
have shown that the presence of zeros in the spectrum is
an indicator of the “soliton”-like solutions in probability
distribution. In future, we plan to extend the present
analysis to the case of the generic transition operators.
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